We have investigated the influence of the Prandtl number on the dynamics of high Rayleigh number thermal convection. A numerical parameter study in a three-dimensional Rayleigh-Bénard configuration was carried out, where we varied the Prandtl number between 10 Ϫ3 рPrр10 2 . The Rayleigh number was fixed at a value of Raϭ10 6 . Our main focus lay on the question how the value of the Prandtl number affects the spatial structure of the flow. We investigated the functional dependence of the Nusselt number and the Reynolds number and compared our results with a recent theoretical approach of Grossmann and Lohse ͓J.
I. INTRODUCTION
Vigorous thermal convection is a fundamental phenomenon, largely governing the dynamics of natural systems like the atmosphere, oceans, and planetary interiors. It also plays an important role in technical applications like process technology. The past years saw active research in the field where many efforts centered around scaling laws between the control parameter Rayleigh number Ra and the output parameters Nusselt number Nu and Reynolds number Re. While so far no universal scaling law for the Nusselt-Rayleigh number relation could be found ͓1͔ it became clear that an understanding of the output parameters on the other control parameter, i.e., the Prandtl number Pr is crucial to fully understand the dynamics. Systematic investigations on the influence of Pr on the flow dynamics were hampered by the relative difficulties to perform appropriate experiments in the laboratory. Also numerical approaches today still face considerable problems to deal with high Rayleigh number convection with varying Prandtl number. However, the situation has recently improved. Laboratory experiments using appropriate liquids and gases can span a significant range of Prandtl numbers ͓2-5͔. Especially numerical studies have been applied to study effects of largely varying Prandtl numbers ͓6͔. This is of special interest in the geophysical context, since the Prandtl number in different geophysical systems ͑e.g., for the molten Earth's core and the viscous Earth's mantle͒ ranges between rather extreme values ͑from 0.1 to virtual infinity for the specified systems͒. In particular recently a new theory was pushed forward by Grossmann and Lohse ͓7,8͔ making several predictions with respect to global output parameters but also with respect to the development of thermal and viscous boundary layers and their influence on the scaling laws. In the present study we have fixed the Rayleigh number to a value at 10 6 and have varied the Prandtl number in a range of 10
Ϫ3 рPrр10 2 . We analyze some assumptions forming the basis of the Grossmann-Lohse theory and show that their assumption of the type of the viscous boundary layer is not in accordance with our results. Nevertheless key predictions of the theory came out to be in close agreement with our results. And up to now widely overlooked property of the flow is the ratio of toroidal to total energy which is strongly decreasing with increasing Prandtl number. We consider this to be characteristic for the different type of dynamics at low and high Prandtl numbers.
II. MODEL AND NUMERICAL SETUP
We studied Rayleigh-Bénard convection of a Boussinesq fluid in a three-dimensional ͑3D͒ Cartesian domain by means of a numerical model. The describing set of equations, deduced from conservation of mass, energy, and momentum is given in nondimensional form by 1/Pr͑‫ץ‬ t uϩu•"u͒ϩ"pϪ" 2 uϪRaTe z ϭ0, ͑1͒
‫ץ‬ t Tϩu•"TϪ" 2 Tϭ0, ͑2͒
where u is the velocity vector, p the pressure without the hydrostatic component, T denotes the temperature, and e z is the unit vector in z direction. The equations have been made nondimensional using the height d of the box, the temperature difference ⌬TϭT bot ϪT top between the bottom and the top and the thermal diffusion time t ϭd 2 /. The similarity parameters, the Rayleigh number Ra and the Prandtl number Pr, are defined by
where ␣ is the thermal expansivity, g is the acceleration due to gravity, denotes the kinematic viscosity, and represents the thermal diffusivity. At the upper and lower surfaces we employed no-slip conditions for the velocity while the temperature was kept constant (T bot ϭ1,T top ϭ0). The sidewalls were adiabatic and free-slip conditions were adapted for the velocity. The aspect ratio was set to Aϭ2. In numerical experiments it is common to use free-slip conditions for the velocity field on the vertical walls in order to minimize sidewalls effects, in particular to avoid the generation of viscous boundary layers at the sidewalls ͑cf. Ref. ͓1͔͒. The numerical integration of Eqs. ͑1͒-͑3͒ was performed by a finite volume multigrid method, with a time-stepping scheme, *Electronic address: breuerm@earth.uni-muenster.de based on an explicit Adams-Bashforth and the implicit Crank-Nicolson method. The solution method is essentially based on that of Trompert and Hansen ͓9͔, with some modifications described in Schmalzl et al. ͓6͔ . Due to the existence of strong vertical gradients of the temperature and velocity field near the upper and lower boundaries ͑cf. Sec. IV͒ one must assure that these boundary layers are appropriately resolved. Following Grötzbach ͓10͔ there should be at least 3-5 grid points in these boundary layers for sufficient accuracy. Our method allows for nonequidistant grids in vertical direction. The position of the grid points are defined by roots of Chebyshev polynomials,
where NZ is the number of control volumes in the z direction and b controls the degree of the refinement. Most model runs were carried out on a 64ϫ64ϫ32 grid. It turned out that grid refinement was necessary for Prandtl numbers less than 5 in order to fulfill the criterion mentioned above. In experiments with Prу5 boundary layers were accurately resolved by a uniform grid. In order to check our results for underresolution we compared the temporal evolution of the Nusselt number for two grid configurations. For both, a low value of the Prandtl number ͓Prϭ0.001, Fig. 1͑a͔͒ and a higher value ͓Prϭ30, Fig. 1͑b͔͒ , we monitored the evolution of the flow on a 64ϫ64ϫ32 and on a finer grid consisting of 128ϫ128ϫ64 nodes. In all cases the Rayleigh number was set to Raϭ10 6 . Figures 1͑a͒ and 1͑b͒ display the time history of Nu. Clearly both resolutions provide satisfactory agreement. We conclude this also from the observation that the mean values of Nu, averaged over the time span shown in Fig. 1 In all runs we found the two values to be virtually identical, and thus this constraint to be well satisfied. For all model runs the conductive state with a superimposed temperature perturbation was employed as initial condition. The calculations were evolved until transients faded away and a statistically stationary state was reached. To do so the calculations were carried out for at least 70 large-eddy-turnover times ͑defined as ϭd/U rms ͓11͔, U rms being the root-meansquare velocity͒.
III. SPATIAL STRUCTURE OF THE FLOW
In order to investigate the influence of the Prandtl number on the flow properties in thermal convection, we carried out a numerical parameter study in a three-dimensional Rayleigh-Bénard configuration with an aspect ratio of A ϭ2, subject to rigid conditions at the upper and lower boundaries and stress-free sidewalls. The Rayleigh number was fixed at a value of Raϭ10 6 , high enough to get strong time dependent flow dynamics. We varied the Prandtl number over a wide range from Prϭ10 Ϫ3 up to Prϭ100. In order to explore the effect of inertia on convection it seems useful to first look at the spatial structure of the flow before applying more sophisticated diagnostics. Visualization is a powerful tool and the relative ease with which it can be used is certainly one of the advantages of numerical studies. In laboratory experiments visualization can be a formidable task. In Figs. 2͑a͒-2͑d͒ snapshots of the temporal evolution of the temperature fields for four different values of the Prandtl number are shown ͓Prϭ0.025 ͑a͒, 0.1 ͑b͒, 1 ͑c͒, 100 ͑d͔͒. Temperature is dimensionless and varies between T ϭ1 at the bottom and Tϭ0 at the top. We picked the T ϭ0.6 isosurface because it nicely displays the structure of the warm up-wellings. Further, color coded cross sections of the temperature on three sidewalls illustrate the distribution of temperature. The down-welling currents behave symmetrically and are not shown here. On a first glance, we can identify some obvious differences in the thermal structure between low and high values of the Prandtl number. At low Prandtl numbers ͓Prϭ0.025 and 0.1, Figs. 2͑a͒ and 2͑b͔͒ a large-scale circulation develops, extending from one side of the box where an up-welling has developed to the downwelling at the opposite side. At a value of Prϭ1 ͓Fig. 2͑c͔͒ plumelike structures have developed. They are, however, still pushed by the large-scale flow towards the sidewalls of the box. At Prϭ100 ͓Fig. 2͑d͔͒ the plumes are fully developed and give rise to a multicellular structure of the flow. The largest scale of the flow is now given by the size of the cells rather than by the full length of the box. Our finding agrees well with the results of Verzicco and Camussi ͓12͔ who performed numerical experiments in a cylindrical cell. They also report a change from a large-scale flow dominated heat transport at low values of the Prandtl number to a regime at high Prandtl numbers where the heat transport is mainly due to thermal plumes. An experimental study revealing the dominance of thermal plumes with regard to heat transport at high Pr has been described by Ciliberto et al. ͓13͔ .
To further investigate the thermal flow structure we have calculated the spatial temperature probability density function ͑PDF͒ for different values of the Prandtl number ͓Figs. 3͑a͒-3͑d͔͒. The PDF's can be derived from the histogram of the spatial temperature distribution ͓14͔ with
͑Color͒ Snapshots of the temperature field, illustrated by the temperature isosurface for the nondimensional value of Tϭ0.6 and temperature cross sections at three side walls, for the values of the Prandtl number: ͑a͒ Prϭ0.025, ͑b͒ Prϭ0.1, ͑c͒ Prϭ1, and ͑d͒ Pr ϭ100.
n i being the number of registrations in the interval T i , N the total amount of registrations, and ⌬ is the bin width. The PDF's have been time averaged over time intervals, sufficiently long to exhibit quasistationary behavior. These spatial PDF's should not be mixed up with the PDF's commonly derived from experimental measurements of the temporal evolution of the temperature at fixed points ͓15-17͔. We employ the PDF's as a tool to characterize the spatial structure of the temperature field. For low Prandtl numbers ͓Pr ϭ0.025, Fig. 3͑a͔͒ the spatial PDF shows a clear Gaussian shape. For Prϭ0.1 and Prϭ1 ͓Figs. 3͑b͒ and 3͑c͔͒ the PDF starts to deviate from a pure Gaussian shape. In the high Prandtl number case ͓Prϭ100, Fig. 3͑d͔͒ the PDF possesses a more exponentially behavior with long tails. This implies that the temperature field is spatially uncorrelated for low values of the Prandtl number, while the exponential shape at high Pr indicates that the temperature field possesses spatial coherent structures ͓18͔. We will show subsequently that this change of the PDF's is associated with the presence of thermal boundary layers. The change of flow structure with increasing Pr is also revealed in Fig. 4 . Here snapshots of streamlines in the horizontal plane zϭ0.5 are displayed. For low Prandtl numbers ͓Prϭ0.025, 0.1, and 1, Figs. 4͑a͒-4͑c͔͒ we observe fine structures characterized by small local vortices. At a Prandtl number of Prϭ100 the vortices have mostly disappeared and a more laminar flow has emerged. In what follows we will demonstrate that the appearance of small horizontal vortices is related to the toroidal component of the flow. Due to incompressibility ͑u is solenoidal͒ the velocity field can be decomposed into a poloidal and a toroidal component uϭ"ϫ"ϫ͑e z ͒ϩ"ϫ͑ e z ͒, ͑7͒
, are the poloidal and the toroidal scalar fields, respectively, and e z is the unit vector in z direction. From the relation between the z component of the vorticity z ª‫ץ‬v/‫ץ‬x Ϫ‫ץ‬u/‫ץ‬y and the toroidal scalar field
(ٌ h 2 denotes the horizontal Laplacian͒ it is obvious, that describes the horizontal vortices in the flow field, called the toroidal motion. At a first glance, Fig. 4 leaves already the impression that the small scale vortices, i.e., the toroidal motion, gradually decreases with increasing Prandtl number. This result is corroborated in Fig. 5 showing the ratio of toroidal energy E tor and total kinetic energy E kin as a function of the Prandtl number. The total kinetic energy E kin and the toroidal fraction E tor are derived from FIG. 3 . The spatial temperature probability density function ͑PDF͒ averaged in time in a log-lin scale for the Prandtl number ͑a͒ Pr ϭ0.025 ͑the dashed line represents the Gaussian fit͒, ͑b͒ Prϭ0.1, ͑c͒ Prϭ1, and ͑d͒ Prϭ100.
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͗•͘ V denotes the spatial mean and -denotes the average in time. In Fig. 5 one can clearly identify two regions: One, for PrϽ1, exhibits a virtual constant value of E tor of about 30% of the total kinetic energy. The other, for PrϾ1, is characterized by a drastic decrease in the fraction of the toroidal energy with increasing Prandtl number down to less than 1% at Prϭ100. We reported the Prandtl number dependence of the toroidal motion in a former study ͓6͔, where we derived similar results. In that study we employed stress-free conditions, rather than the rigid conditions as used in this study. Thus, it seems to be a fundamental result that, independent of the boundary conditions, the flow contains a strong toroidal component, as Pr is low, while at high Pr it is dominated by poloidal motion. This result is also consistent with theoretical considerations. Taking the curl of the equation of motion ͓Eq. ͑1͔͒ it can be shown that in the limit of Pr→ϱ the toroidal flow component vanishes ͓19͔, what is also related to the fact that the Reynolds number Re tends to zero with increasing Prandtl number. We will discuss the Prandtl number dependence of the Reynolds number in Sec. V.
IV. VISCOUS AND THERMAL BOUNDARY LAYERS
The existence of thermal and viscous boundary layers in Rayleigh-Bénard convection is a well known phenomenon and has been thoroughly investigated by different groups ͓2,20,21͔. The behavior of these boundary layers has a strong influence on the global transport processes and such for the Nusselt and the Reynolds number ͓1,22͔. In this section we will discuss the influence of the Prandtl number on the thickness of the viscous and thermal boundary layers. Figure 6 FIG. 5. Ratio of the energy due to toroidal motion to total kinetic energy in percent. For low Prandtl numbers (PrϽ1) the fraction of the toroidal flow motion is nearly constant at a value of about 30% whereas for PrϾ1 there is a strong decrease in the fraction of the toroidal flow motion with increasing Prandtl number down to less than 1% for Prϭ100.
FIG. 4. Snapshots of velocity
shows time averaged depth profiles of the horizontal mean temperature for different values of the Prandtl number. Two regions can be distinguished. Near the upper and lower boundary layers steep temperature gradients develop adjacent to a well-mixed almost isothermal bulk. Following Verzicco and Camussi ͓12͔, we defined the thermal boundary layer thickness T as the depth where a linear fit of the temperature profile near the surfaces crosses the mean temperature Tϭ0.5. The vertical heat transport through these thermal boundary layers is mainly conductive because the velocity drops to zero near to the walls. Thus one can deduce an approximative relation between the Nusselt number Nu and the thickness T of the thermal boundary layer ͓20͔ given by
Due to no-slip conditions, as applied here, the velocity drops from a characteristic value in the bulk to zero at the boundaries. The layer across which this drop takes place defines the viscous boundary layer. In Fig. 7 depth profiles of the temporally averaged horizontal root-mean-square velocity U h_rms are plotted for various values of the Prandtl number. All profiles show ͑similar to the temperature profiles͒ a strong increase in the velocity near the walls with a distinct peak. Similar to Kerr and Herring ͓1͔, we defined the thickness ( u,max ) by the local maximum in the velocity depth profile ͑cf. Fig. 7͒ . A central assumption in the theory of Grossmann and Lohse ͓7͔ is that the viscous boundary layer u approximatively scales as
.
͑11͒
They assume a large-scale dominated flow together with a laminar viscous flow of Blasius type in the boundary layer ͓the derivation of Eq. ͑11͒ can be found, e.g., in Landau and Lifshitz ͓23͔ §39͔. We will return later to the question if these estimates of T ͓Eq. ͑10͔͒ and u ͓Eq. ͑11͔͒ are in a good agreement with our results. First we will discuss how the viscous and thermal boundary layers are influenced by the value of the Prandtl number. We determined the thickness of the thermal and the viscous boundary layers, according to the definitions, as given above. The results are compiled in Fig. 8 , displaying the thicknesses of both types of boundary layers as a function of the Prandtl number. The thermal boundary layer T decreases with increasing Prandtl number FIG. 6 . Temporal averaged depth profiles of the horizontal mean temperature for Prϭ0.025,0.1,1,100. For Prϭ100 the definition of the thermal boundary layer thickness T is illustrated. T is defined as the depth where a linear fit of the temperature profile near the bottom crosses the mean temperature T mean ϭ0.5.
FIG. 7.
Temporal averaged depth profiles of the root-meansquare horizontal velocity U h_rms for Prϭ0.025,0.1,1,100. In addition, the definition of the viscous boundary layer thickness u,max is illustrated for Prϭ100. u,max is defined as the distance between the position of the maximum value of U h_rms in the depth profile and the bottom.
FIG. 8. Thickness of the thermal boundary layer T and the viscous boundary layer u,max vs the value of the Prandtl number.
For low Prandtl numbers the viscous boundary layer is embedded in the thermal boundary layer whereas for high Prandtl numbers the viscous boundary layer exceeds the thermal one with a crossover at around Prϭ0.3. whereas the viscous boundary layer u,max increases. For low values of Pr the viscous boundary layer is embedded within the thermal boundary layer. At values of Pr around 0.3 we observe a crossover and from that value of Pr the viscous boundary layer is thicker than the thermal one. In a numerical study, but in a spherical shell domain, Tilgner ͓24͔ found a similar dependence of the viscous and thermal boundary layers on the Prandtl number. Due to the spherical geometry he finds the thicknesses of the boundary layers to be different at the inner and outer boundary. In our Cartesian geometry the boundary layer thicknesses are for symmetry reasons the same at the lower and upper boundary ͑cf. Figs. 6 and 7͒. The viscous boundary layer reaches an asymptotic thickness for PrϾ10 ͑Fig. 8͒ and does not further grow. Grossmann and Lohse ͓8͔ predicted such a behavior in the large Prandtl number limit. They assume a critical value of the Reynolds number in the case of large Prandtl numbers where the viscous boundary layer does not further increase with increasing Prandtl number. Now we return to the question if the boundary layers obey the relations as given in Eqs. ͑10͒ and ͑11͒ which form an essential basis of the theory of Grossmann and Lohse. In Fig.  9 the thickness of the thermal boundary layer is plotted vs the time averaged Nusselt number. A power law of the form T ϳNu Ϫ0.94Ϯ0.02 ͑the error indicates the standard deviation͒, being in close agreement with the theoretical prediction of Eq. ͑10͒. The dependence of the viscous boundary layer thickness on the Reynolds number is displayed in Fig. 10 . We defined the Reynolds number Re over the large-scale horizontal wind by the local maximum of the nondimensional horizontal velocity ͑cf. Fig. 7͒ ReϭU h_rms max /Pr. ͑12͒
As mentioned above we observe a regime for high Prandtl numbers where the viscous boundary layer does not further increase with increasing Prandtl number. The corresponding behavior is displayed in Fig. 10 . For low Reynolds numbers ͑corresponding to high Prandtl numbers͒ the viscous boundary layer reaches an asymptotic thickness. For higher Reynolds numbers the boundary layer thickness decreases with increasing Re. The transition between those two regimes occurs at a critical Reynolds number Re crit of about 20. A fit of the data provides the power law u,max ϳRe Ϫ0.231Ϯ0.011 which significantly deviates from the relation given in Eq. ͑11͒. This relation forms a central assumption in the theory of Grossmann and Lohse and relies on the existence of a purely laminar flow of Blasius type. This discrepancy was also reported in Ref. ͓2͔ , an experimental investigation of viscous boundary layer scaling.
The specific definition of the viscous boundary layer by the position of the local velocity maximum, though apparently sensible and as such commonly used, is somewhat arbitrary. Other definitions are feasible and possibly the discrepancy between our numerically determined scaling law and that as assumed in Grossmann-Lohse theory is only a consequence of that specific definition. In order to check this we have employed a second definition u,lin of the viscous boundary layer. Similar to the thermal boundary layer u,lin is defined by a linear fit, here of the velocity profile, in the vicinity of the boundary. The intersection of the straight line, resulting from the linear fit, with the vertical tangent to the local maximum in the profile ͑cf. Fig. 7͒ defines the boundary layer thickness u,lin . In Fig. 11 the viscous boundary layer thickness u,lin is plotted as a function of Reynolds number. Similar to the previously employed defined boundary layer, u,lin is nearly constant for low values of the Reynolds number. In the high Reynolds number regime the data fit provides a power law of u,lin ϳRe Ϫ0.442Ϯ0.016 which is significantly closer to the scaling based on the assumption of a Blasius-type boundary layer flow. A comparison of Figs. 10 and 11 points out a further discrepancy between u,max and u,lin . The boundary layer thickness u,lin turns out to be significantly thinner than the initially considered boundary layer thickness u,max . Consequently, even for high Prandtl numbers the viscous boundary layer remains thinner than the thermal one ͑cf. and T takes place with increasing Prandtl number. On the one hand the scaling of u,lin with Re is close to the theoretical assumption of a Blasius type boundary layer flow, on the other hand it does not resemble the theoretical prediction of a changing hierarchy between viscous and thermal boundary layers in the high Prandtl number regime. At this stage we note that the behavior of both boundary layers based on the definitions u,max , u,lin are not in full agreement with the Grossmann-Lohse theory.
V. NUSSELT AND REYNOLDS NUMBER VS PRANDTL NUMBER
It is common to describe the state, respectively, the dynamics of thermal convecting systems using global output parameters like the Nusselt and the Reynolds number. The Nusselt number Nu gives the ratio of actual heat transport to the heat transport which would occur in a purely conductive state. The Reynolds number Re measures the ratio of advective momentum transport to the diffusive momentum transport in the equation of motion ͓Eq. ͑1͔͒ and indicates how turbulent the velocity field is. Most of the theories of thermal convection assume a simple scaling relation between the global nondimensional output parameters like Nu and Re and the system parameters Ra and Pr. There is known evidence that the particular form of the scaling laws depends on the region in the parameter space, spanned by the system parameters Ra and Pr ͑for a review see Siggia ͓25͔͒. Recently Grossmann and Lohse ͓7,8͔ have put forward a new theoretical approach which allows them to predict scaling laws for Nu͑Ra,Pr͒ and Re͑Ra,Pr͒ for several flow regimes. They distinguish these regimes by whether kinetic and thermal dissipation occurs mainly in the boundary layer or in the bulk, and by whether the thermal boundary layer is thinner than the viscous one or vice versa. We will now present our results in the light of the theory of Grossmann and Lohse.
The Nusselt numbers obtained from our numerical experiments are plotted in Fig. 13 for different values of the Prandtl number. We can identify two regions with different scaling laws. For low Prandtl numbers, PrӶ1, there is a clear increase in the Nusselt number with increasing Prandtl number. In this regime our data are represented by a power law of the form NuϳPr 0. 182Ϯ0.012 . At a Prandtl number of around 0.3 a transition takes place and beyond that value the Nusselt num- . The two regimes are portrayed in Fig. 13 ͑lower curve͒. The low Prandtl number branch corresponds to the region II l in the Grossmann and Lohse picture and is characterized by a thin viscous boundary layer embedded in the thermal one. Dissipation of kinetic energy occurs mainly in the bulk while thermal dissipation takes place in the thermal boundary layers. We have already demonstrated in Fig. 8 that the viscous boundary layer lies in fact within the thermal layer for low values of Pr. For this regime Grossmann and Lohse predict a power law of NuϳPr 1/5 thus being in close agreement with our results. The high Prandtl number branch corresponds to a region which according to Grossmann and Lohse is characterized by dissipation, both thermal and kinetic, taking place mainly in the boundary layers and where no further increase of the viscous boundary layer can be expected. Following the theory Nu does not depend on Pr in this region. Our results reveal that the viscous boundary layer does not further grow with increasing Pr ͑cf. Fig. 8͒ . The exponent in the power law is very small. Thus we consider our results to be in close agreement with the prediction of Grossmann and Lohse ͓7,8͔.
The Reynolds number dependence on the Prandtl number is displayed in Fig. 14 . These results are almost identical with the predictions of Grossmann and Lohse ͓7,8͔. For small Prandtl numbers ͑regime II l ) they derive a power law of Re ϳPr Ϫ3/5 and in the high Prandtl number regime (I ϱ Ͼ ) a power law of ReϳPr Ϫ1 . Verzicco and Camussi ͓12͔ performed a numerical study in a cylindrical geometry and also report the finding of different regions in the Nu͑Pr͒ and Re͑Pr͒ relations. Quantitatively, however, their results differ from ours. For low values of Pr they obtain an exponent of 0.14 for the Nu͑Pr͒ relation (0.182, this study͒ and Ϫ0.73 for the Re͑Pr͒ relation (Ϫ0.607, this study͒. The differences can probably be addressed to the differences in geometry and boundary conditions. In their study no-slip conditions were applied at the sidewalls while we kept the sidewalls stress-free.
Regardless those differences, a change in the system behavior, reflected by a change in the scaling laws at a Prandtl number of around 1 seems to be an established fact. What is the mechanism behind this transition? Most theories address this transition to a change in the hierarchy between the viscous and thermal boundary layers ͑e.g., Refs. ͓26,7͔͒. Namely, they assume that at low values of Pr the viscous layer is nested within the thermal one and that with increasing Pr the thermal boundary layer decreases while the viscous layer grows. A crossover occurs and at large values of Pr the viscous and thermal boundary layer thicknesses reach an asymptotic value. This picture corresponds almost exactly to our observations ͑cf. Fig. 8͒ , if we consider the viscous boundary layer definition of u,max . Otherwise, the viscous boundary layer based on the definition of u,lin does not show a crossover with the thermal boundary layer in the high Prandtl number regime and hence contradicts in this point with the theory ͑cf. Fig. 12͒ . However the change of hierarchy cannot be the cause behind the transition in the scaling laws of Nu͑Pr͒ and Re͑Pr͒. Strictly spoken, the presence of a viscous boundary layer and such also its growth is not necessary for this transition to take place. We have carried out a virtually identical set of experiments, however with stressfree conditions all around the box. Under such circumstances only thermal boundary layers are present, whereas a viscous boundary layer does not exist ͓6͔. The main result of this study is shown in Figs. 13 and 14 ͑upper curves͒. For both, rigid and stress-free conditions Nu and Re show quantitatively a very similar functional dependence on Pr. In either case a transition in the Nu͑Pr͒ and Re͑Pr͒ curve is observed and also the describing power laws yield similar values ͑cf. Figs. 13 and 14͒ . In fact the presence of a viscous boundary layer seems only to affect the actual values of the Nusselt and the Reynolds number, however not the dependence on the Prandtl number. Seemingly the existence of a viscous boundary layer is not a necessary condition for the transition in Nu͑Pr͒ and Re͑Pr͒ to take place. Thus, the mechanism behind the transition in the power laws cannot be the change of hierarchy of viscous and thermal boundary layers. We present an alternative explanation in the following section.
VI. SUMMARY AND DISCUSSION
We have investigated the influence of the Prandtl number on the dynamics of thermal convection. A numerical parameter study has been carried out in a 3D Rayleigh-Bénard configuration for Prandtl numbers 10 Ϫ3 рPrр10 2 . By flow visualization we studied how the spatial structure of the flow is affected by changes in Prandtl number. We further investigated the functional dependence of the global parameters Nu and Re on the Prandtl number. The results are compared FIG. 14. Values of the Reynolds number vs the Prandtl number. Similar to Fig. 13 with those from a recent theoretical approach by Grossmann and Lohse ͓7,8͔. We have identified two different regimes: Low Prandtl number regime (Pr Ӷ 1). In this regime heat transport is dominated by one large-scale circulation. The regime is characterized by a high ratio of toroidal energy to total kinetic energy. Due to no-slip conditions the strong horizontal wind near the top and the bottom walls creates viscous boundary layers which are embedded within the thermal boundary layers.
High Prandtl number regime (Pr ӷ 1). The high Prandtl number regime is characterized by plume dominated heat transport. The flow motion is mainly poloidal and the fraction of toroidal energy on the total kinetic energy tends to zero with increasing Pr. Viscous boundary layers could also be identified in the high Prandtl number regime, but different from the low Prandtl number regime they reach a saturated state with increasing Pr.
In both regimes the power laws for Nu͑Pr͒ and Re͑Pr͒ as derived from our calculations match closely with those obtained theoretically by Grossmann and Lohse for the appropriate regimes. Our experiments also confirm the assumption that for low Pr the viscous boundary layer is thinner than the thermal one and that the viscous boundary layer ultimately stops growing, once a Prandtl number higher than ten is reached. However the behavior of the viscous boundary layer deviates from the theoretical prediction in some sense. The change of hierarchy between thermal and viscous boundary layers, as anticipated from the work of Grossmann and Lohse is only observed for a viscous boundary layer u,max determined by the local velocity maximum. The boundary layer u,lin , based on a linear fit of the velocity profiles near the boundaries does not show such a crossover. Conversely, u,lin obeys a power law u,lin ϳRe Ϫ0. 442Ϯ0.016 , being close to the predicted scaling law of u ϳ1/ͱRe, while u,max is related to Re by the dependence u,max ϳRe Ϫ0.231Ϯ0.011
, thus significantly deviating from the theoretical value. None of the employed velocity boundary definitions yield a behavior that closely resembles the theoretical predictions. Still, the predicted dependences of Nu͑Pr͒ and Re͑Pr͒ agrees well with our results, indicating that the viscous boundary layer does not affect much the scaling laws for Nu͑Pr͒ and Re͑Pr͒. Further strong evidence for the relative insignificance of the behavior of the viscous boundary layer is provided by a set of runs carried out under stress-free, but otherwise identical conditions ͓6͔. In such a configuration, viscous boundary layers do not exist, i.e., their thickness is zero. Despite the absence of viscous boundary layers, Nu and Re show qualitatively the same dependence on Pr as for rigid boundaries. This means that the presence of viscous boundary layers is certainly not a necessary condition for the observed phenomenon to occur and it is indeed unlikely that the viscous layers play an important role in this respect.
In our view it is remarkable that the significance of toroidal motion changes noticeably across the transition from the low to the high Prandtl number branch indicating that the two dynamical regimes are characterized by different transport properties.
